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ABSTRACT

Understanding the sedimentation behavior of bidisperse colloidal suspensions is critical in determining their stability and separation. While
centrifugation is often used to accelerate separation, the settling of bidisperse colloids and their phase separation under these conditions is
complex and difficult to predict explicitly. As an alternative, this work proposes a one-dimensional advection-diffusion model that uses an
effective maximum volume fraction with a bidisperse viscosity scheme, which reflects important characteristics of bidisperse sedimentation
while remaining computationally efficient. The influence of Derjaguin–Landau–Verwey–Overbeek interactions on packing fraction and dis-
persion viscosity is also considered. A numerical implementation is described using an adaptive finite-difference solver, which can be used for
concentration profile and settling rate prediction of both species under variable acceleration. Validation experiments with silica suspensions
in two size ratios (500:800 and 100:500 nm) and various total concentrations are performed using an analytical centrifuge, with results also
being compared to Richardson–Zaki empirical predictions. The model is shown to be a very good fit to the data for both size ratio dispersions
at three mixing ratios, with differences <10%. Slightly higher levels of variation were detected for the 500:800 nm system, owing to the smaller
size ratio and resulting greater effect of uncounted secondary hydrodynamic factors, which enables the limits of the mixture viscosity model
to be established. Nevertheless, this work highlights that mixture viscosity modeling combined with effective maximum volume fraction mod-
ifications can provide critical insights into the effect of bidisperse suspension dynamics on separation efficiencies.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0171474

I. INTRODUCTION

Gravitational sedimentation is one of the most important solid–
liquid separation methods and is widely used in industries, such as
water treatment, minerals processing, and pharmaceuticals, due to its
simplicity and flexibility.1–3 The importance of sedimentation on sta-
bility is also critical to new applications of colloidal science, such as
nanofluids for energy applications.4 Monodisperse systems have been
studied intensively,5–8 but there are several aspects of polydisperse set-
tling that remain relatively poorly understood. For example, it is
believed9 that the hindrance effect in polydisperse suspensions of low
total volume fractions is more complex than for monodisperse par-
ticles, because the settling velocity of each species is affected to different
degrees by the counter flow of the displaced fluid.

Bidisperse sedimentation can be regarded as a model case10

for understanding interactions in polydisperse systems while maintaining

a relatively high degree of dispersion control. Investigations into
bidisperse dynamics are also crucial for systems where size segrega-
tion and sorting take place. For example, recent work has considered
particle control and migration behavior in microchannels of dense
suspensions with acoustic handing,11 where flow stratification is sig-
nificantly influenced by bidisperse sedimentation theories. A sus-
pension balance model (SBM) for viscous Stokes flow has also been
recently extended to bidisperse systems, to investigate the effect of
particle size and detail structuring within the suspensions.12

Improving our understanding of bidisperse suspension sedimenta-
tion is, therefore, of considerable importance for particle segregation
and flows in many industrial processes,13,14 and a number of studies
have been reported on the analysis of the sedimentation in bidis-
perse15–17 or polydisperse suspensions.18–20 Nevertheless, the effects
of particle size and concentration ratios are not fully established,
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while most techniques employed for simulating such systems are
generally very computationally intensive.

For well dispersed spherical systems, the Stokes settling velocity
of individual particles is well known,21 where a hindrance effect will
increase with concentration due to the combined effects of viscosity
enhancement by the nearby particles, as empirically proposed by
Richardson and Zaki.5 They derived a relatively simple “hindered set-
tling” equation to account for this effect that gives an empirical power-
law function. Later, Bachelor22 introduced a linear settling law for
bidisperse and polydisperse sedimentation that was restricted to dilute
suspensions, which has been extended to a wider range by authors
such as Bachelor andWen8 and by Al-Naafa and Selim.23

Over the past decades, there have been several experimental and
modeling approaches to quantifying the critical parameters in bidis-
perse sedimentation. For example, Thies-Weesie et al.24 examined
large diameter ratio silica particles, where the settling velocity of the
larger particles was reduced in correlation to the addition of the
smaller species. In this case, differences were attributed to surface irreg-
ularities on the large spheres with the adsorption of the small particles,
which increased the hydrodynamic friction. Non-colloidal suspensions
were also studied by Cheung et al.,25 who found that the interparticle
interactions of bidisperse systems are non-negligible, especially in con-
densed suspensions. Hu and Guo26 simulated the interaction between
particle clusters and single particles, showing the dynamics of clusters
is significantly influenced by particle interactions. Cao et al.15 con-
ducted centrifugal sedimentation of polymethylmethacrylate (pMMA)
colloidal suspensions, where they proposed a new sedimentation coef-
ficient for bidisperse systems to distinguish velocities of settling occur-
ring independently and collectively. The formula describes the
relationship between the sedimentation coefficient and porosity, link-
ing the diameter ratio and the mixing ratio.

There are also other complex simulations using approaches such
as the Masliyah–Lockett–Bassoon (MLB) model,19,27 force coupling
method (FCM),28 effective-medium model,29 or effective voidage
model30 to predict the settling velocities of two interfaces, which
require significant computation time. Furthermore, the settling of dif-
ferent shaped particles, in particular ellipses,31,32 has been simulated to
establish the dynamics of systems with wider application. Other non-
spherical particles such as rods33,34 are also drawing attention in recent
years and are more oriented toward industrial applications such as
pharmaceuticals. Very recently, Oshima et al.35 have simulated the
sedimentation under a centrifugal field of bidisperse SiO2 and CeO2

nanoparticles, by modifying an advection-diffusion model, as used by
Antonopoulou et al.7 for monodisperse silica. Particle size effects were
incorporated by considering an averaged composite Gaussian function
(and so each sized wasn’t explicitly simulated). Nevertheless, several
important observations could be determined on the nature of nanopar-
ticle separation of different size classes, with good correlation between
experiments and modeling, especially for particles�100nm.

To simplify sedimentation simulations, suspension mixture vis-
cosity models36 are one of the most popular methods to predict the
influence of concentration on settling, with the advantage of reducing
the velocity to zero at the maximum volume fraction. Bidisperse mix-
ture viscosity models have also been developed, such as those by Qi
and Tanner,37,38 although as of yet these have not been incorporated
into sedimentation predictions. In their model, a critical factor to cal-
culate the relative viscosity is the maximum volume fraction of

bidisperse suspensions, under the principle that the smaller particles
can partially fill the voids between the larger fractions. Additionally,
particle–particle interactions are usually neglected for convenience,39–41

where the maximum volume fraction is based on a hard-sphere
assumption (which means there is no restriction on the minimum sepa-
ration distance between two particles). However, the assumption is not
suitable for highly charged colloidal particles,7 due to strong electro-
static repulsion and the electrical double layer, which can, thus, signifi-
cantly impact effective volume fractions increasing specific viscosity. To
describe colloidal suspensions, Metin42 demonstrated the use of an
effective particle size taking into account the minimum interparticle
distance, to calculate an effective maximum volume fraction. In the
work of Antonopoulou et al.,7 interparticle interactions were captured
through the modeling of Derjaguin–Landau–Verwey–Overbeek
(DLVO) theory, where the secondary predicted minimum interparticle
distance was used to estimate the effective particle diameter, and such
methods may be extended to bidisperse and polydisperse systems.

Thus, there is still a critical need for validated bidisperse colloidal
settling models that are computationally inexpensive, which can con-
firm particle fraction behavior and track both species. There is an
important need to investigate the influence of different size and con-
centration ratios, as well as to incorporate particle–particle interac-
tions. Although complex hydrodynamic direct numerical simulations
may reflect every detail in the sedimentation process, they are very
computationally time-consuming and it is difficult to track zonal
behavior at a full sample scale. Therefore, as an alternative, a one-
dimensional (1-D) advection-diffusion bidisperse sedimentation simu-
lation is proposed here, based on a modified mixture viscosity model,
to track the concentration and settling rates of disperse colloidal parti-
cle fractions. Specifically, a continuum-based approach has been used
with numerical implementation using an adaptive finite-difference
solver. Particle phase concentrations are tracked to predict the bidis-
perse velocities of interfaces for dilute (less than 3 vol. %) colloidal par-
ticle suspensions with a variable size ratio under both centrifuge and
normal gravity conditions. In particular, spherical silica mixtures of
500 and 800nm (size ratio of 1.6) and 100 and 500nm (size ratio of 5)
are considered. A mathematical bidisperse mixture viscosity model has
also been applied, where hindered settling effects are explicitly consid-
ered,43 and results are compared to the empirical Richardson–Zaki
(R–Z) function. Furthermore, an effective maximum volume fraction42

method is also used, where interparticle repulsions are taken into
account. Simulations of concentration profiles, fractional interfaces vs
time, and averaged settling rates are also compared to experimental
data for the same systems (measured by analytical centrifuge) for vali-
dation. The model is shown to be a close fit to the data for both size
ratio dispersions at three mixing ratios, with differences <10%.
Slightly higher levels of variation are detected for the 500:800 nm sys-
tem, owing to the smaller size ratio and potentially greater resulting
effect of uncounted secondary hydrodynamic factors.

II. MATERIALS AND METHODS
A. Materials

The colloidal silicas used were Angstrom SphereV
R

silica powder,
with nominal quoted mean sizes of 100, 500, and 800nm (Fiber Optic
Center, Inc., USA). The particles were initially characterized with SEM
to confirm that their sizes were close to the manufacturer’s estimates,
as used in the modeling (see the previous paper by the current
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authors44). The particle densities (qp) were measured as 2.20 g/cm3

for 100 nm silica particles and 1.92 g/cm3 for 500 and 800 nm par-
ticles, using a Pycnomatic ATC gas pycnometer (Thermo Electron,
USA). The density results were close to expectations for silica par-
ticles.45 Suspensions were prepared by adding silica powder to a
1� 10�4 M potassium chloride (KCl) background electrolyte solu-
tion, using KCl crystalline powder (Fluka Chemie GmbH, Germany)
and ultrapure Milli-QTM water, with a resistivity of 18.2 MX cm at
298K (Millipore, USA). The suspensions were placed in an ultra-
sonic bath (XUBA3, Grant) for 15 min prior to characterization
without heating. Then, samples were further dispersed using an
ultrasonic probe (Sonic Dismembrator, Fisher Scientific) at 80%
amplitude for 5 min. The purpose of the ultrasonic bath and probe
was to fully homogenize the suspensions before any measurements
were taken. Bidisperse nanoparticle suspensions of 100 and 500 nm
particles (labelled 100:500) as well as 500 and 800 nm particles
(labelled 500:800) were prepared in various mixing ratios (on a vol-
ume basis) as shown in Table I.

B. Experimental sedimentation tests

Sedimentation of both monodisperses and bidisperse suspensions
was monitored using a LUMiSizerV

R

analytical centrifuge (LUM
GmbH, Germany). The LUMiSizer46 enhances sedimentation by
exposing sample dispersions to a centrifugal acceleration greater than
Earth gravity. The centrifuge rotation rate can be altered from 0 to
4000 rpm, and the effective distance (radial) ranges from 105 to
130mm. For the experiments conducted, a sample height of 21mm
was used (with a corresponding sample volume of 430ll), while the
rotation rate depended on the bidisperse size fraction (see Table I). A
light source pulsed near-infrared (865 nm) light through the side of
each sample cell at user-specified times. The light intensity was nor-
malized prior to each run. A 25mm 2048 element CCD-line detected
the intensity of transmitted light across the length of the sample, yield-
ing transmission profiles. The transmission profiles were recorded
every 10 s. The intensity of transmitted light is related to the particle
volume fraction according to the Lambert-Beer law,47 with high trans-
mission intensity corresponding to a low local volume fraction. For a
complete description of the technique, please refer to a previous publi-
cation by the current authors.44

To verify the sedimentation under Earth gravity conditions, a
TurbiscanV

R

(Formulation, France) Earth gravity optical analyzer was
used. Here, 500:800 nm particle dispersions were placed in 20ml sedi-
mentation cells. As with the LUMiSizer, the sedimentation fronts were
analyzed through a pulsed optical source (near infrared, 880 nm)
scanned every 10 min automatically. The Turbiscan utilizes detectors
at 180� (transmission) and 45� (backscatter) allowing analysis of opa-
que dispersions. The whole measuring time was more than 48 h due to
the slow settling time of the colloidal particles under Earth gravity.

To verify predicted concentration profiles, a LUMiReader
X-RayV

R

(LUM GmbH, Germany) was also used. This device utilizes
the same cells as the LUMiSizer, where x-rays rather than light is used
to track the settling fronts. Due to the greater penetration of x-rays,
information on the relative concentration of dispersions is also avail-
able by measuring the per distance attenuation. This technique cannot,
however, directly process samples under centrifuge. Therefore,
500:800 nm mixtures at total volume fractions of 0.03 were first accel-
erated at 1000 rpm in the LUMiSizer for different time periods, where-
upon they were placed within the LUMiReader X-Ray and the x-ray
attenuation was profiled for different settling times.

C. Mathematical modeling

1. Bidisperse sedimentation model

This work considers bidisperse suspensions of spherical colloidal
particles without particle aggregation. To simulate bidisperse sedimen-
tation, a model for bidisperse colloidal suspensions was proposed,
based on the model of Davis and Russel43 and furthered by
Antonopoulou et al.7 as defined herein. It is an advection-diffusion
model solved in 1-D. For advection, we consider only vertical transport
from gravity/buoyancy forces, while diffusive flow is solved to take
account of the colloidal Brownian motion. Particle–particle interac-
tions are incorporated solely in DLVO calculations to account for min-
imum separation distances. No hydrodynamic drag modification or
other forces from particle–particle contacts are calculated to save on
computational time. The particle volume fraction of species i at a
height x and time t (/i) is described by the following advection-
diffusion equation:

@/i

@t
þ @

@x
/iusið/iÞ½ � ¼ @

@x
Dið/iÞ

@/i

@x

� �
: (1)

Here, usi(/i) is the hindered settling velocity of the ith species particles
in suspension (upward positive) and Di(/i) is the diffusion coefficient
of that species. The continuous phase is assumed to be stagnant, except
for the displacement caused by sedimentation. This assumption allows
the application of the zero-flux boundary conditions, as given in the
following equation:

/iusið/iÞ � Dið/iÞ
@/i

@x
¼ 0; x 2 f0; xmaxg; t � 0; (2)

where x¼ 0 is at the base of the sample and x¼ xmax at the meniscus.
The suspension is assumed to be well-dispersed after mixing, so the
initial condition is

/iðxÞ ¼ /0i; x 2 ð0; xmaxÞ; t ¼ 0; (3)

where /0i is the constant initial concentration of suspension species i.
Then, the diffusion coefficient can be incorporated from the
Stokes–Einstein equation, as given in the following equation:

Dið/iÞ ¼
kBT
3pldi

; (4)

where kB is the Boltzmann constant (J/K), the T is the absolute temper-
ature (K), l is the mixed kinematic viscosity (m2/s), and di is the diam-
eter (m) of species i.

TABLE I. Conditions and sample species for bidisperse sedimentation experiments.

Species (nm:nm) 100:500 500:800
Mixing volume ratios 1:1 1:2, 1:1, 2:1
Rotation rate (rpm) 4000 1000
Total volume fraction range (U0) 0.01–0.03 0.01–0.03
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In the advection part, the hindered settling velocity is given by
the following equation:

usið/iÞ ¼ uTifhið/iÞ; (5)

where fhi(/i) is a function to describe the hindrance effect and uTi
refers to the particle terminal velocity of i species. The terminal velocity
from Stokes’ law is

uTi ¼ d2i ðqdi � qcÞg
18lc

; (6)

where di is the diameter of the dispersed phase, qdi is the dispersed phase
density (kg/m3), g is the acceleration due to gravity (m/s2), and qc and
lc are the density and viscosity of the continuous phase, respectively.
For ultrapure water, qc¼ 997.1 kg/m�3 and lc¼8.9� 10�4Pa s.48

The most popular hindered settling function is the simple for-
mula of Richardson and Zaki,49 which has been applied for many sys-
tems from monodisperse to polydisperse, shown in the following
equation:

fhi ¼ ð1� /iÞn: (7)

Here, i refers to different species, / is the volume fraction of particles,
and n is suggested to be 5.1 for colloidal particles at low Reynolds
numbers by Garside and Al-Dibouni,50 with higher accuracy in mono-
disperse systems. In the polydisperse system of Richardson and Zaki,
/i is replaced by the total volume fraction of particles. However, this
formula does not take particle sizes and mixing ratios into consider-
ation. It is also an entirely empirical approximation and has no realistic
upper bounding in relation to the particle volume fraction.

In this study, as an alternative, the hindrance function is
described as being related to the mixture viscosity,51 as shown in
Eq. (8), where l is the mixture viscosity of the bidisperse suspension that
has been used in the model (with lc that of the continuous solvent),

fhið/iÞ ¼
lcð1� /0iÞ

l
: (8)

The mixture viscosity has been previously utilized to simulate 1-D sed-
imentation profiles of monodisperse colloidal particles7 and is signifi-
cantly extended here for bidisperse sedimentation.

The mixture viscosity can be estimated using a number of relative
viscosity models, which are normally bound by the maximum volume
fraction of the dispersion, where often the random close packing vol-
ume fraction, /rcp, is used. In this study, for initial monodisperse simu-
lations, a modified effective maximum volume fraction is defined,
/eff
max, based on the effective diameter of the particles in monodisperse

systems40 (see equation definitions within Antonopoulou et al.7 for
details). The viscosity of silica monodisperse suspensions is calculated
from the Quemada model,52 according to Eqs. (9) and (10), where lr
is the relative viscosity

l ¼ lclr; (9)

lr ¼ 1� /

/eff
max

 !�2

: (10)

For bidisperse systems, the maximum volume fraction is /max,b, is
modified from the random close packing fraction (/rcp) according to
the work of Qi and Tanner,37,38 given by the following equation:

/max;b ¼ /rcp þ nknk/rcpð1� /rcpÞ: (11)

Here, k is the fraction of small particles (range from 0 to 1) and k is the
size ratio of large to small particles. Under the assumption of hard
spheres, for monodisperse systems, /rcp¼ 0.639. The two coefficients
nk and nk are expressed as

nk ¼ 1� e�
ðk�1Þ

1
3

6 ; (12)

nk ¼
1� 1

0:0729
ðk� 0:27Þ2; k � 0:27;

1� 1
0:284

ðk� 0:27Þ4; k > 0:27:

8>><
>>: (13)

The maximum obtainable volume fraction, /max,b, can further be
modified to account for the minimum separation distance obtainable
between stabilized colloidal particles, thus giving an overall effective
maximum bidisperse volume fraction (/eff

max,b) following similar esti-
mations used in models for monodisperse sedimentation.7 The modi-
fied bidisperse effective maximum volume fraction (/eff

max,b) can be
calculated as in the following equation:42

/eff
max;b ¼ /max;b

dave þ�s
dave

� ��3

: (14)

Importantly, �s is the minimum separation distance between the surfa-
ces of two particles which can be calculated from the DLVO theory.
Finally, the Sauter mean diameter (dave)

53 of a bidisperse distribution
of spherical particles is given by the following equation:

dave ¼ dLdSð/L þ /SÞ
dL/S þ dS/L

: (15)

The overall modified viscosity model, based on the effective maximum
packing fraction of bidisperse suspensions, allows the hindered settling
velocity to become zero at the maximum volume fraction, and it also
takes interparticle interactions and particle size ratios into account. An
example calculation of /eff

max,b and relative viscosity is presented within
the supplementary material, Sec. S1, for a case of a 500:800 nmmixture
at a 1:1 ratio and total volume fraction of 0.01.

The relative viscosity of bidisperse suspensions,37 lr,b, can be
defined through Eqs. (16)–(18) as calculated in Eq. (16) and should be
used for the relative viscosity (lr) when calculating the bidisperse fluid
mixture viscosity in Eq. (9). Here, cL and cS are the two relative concen-
tration ratios of large and small particles, where the subscripts “S” and
“L” refer to the small and large particle phase, respectively, while / is
the relative volume fraction of each,

lr;b ¼ 1� /L

1� cL/L

� �
1� /S

1� cS/S

� �" #�5
2

; (16)

cL ¼
1� /rcp

/rcp
; (17)

cS ¼
1� ð/eff

max;b � /LÞ
/eff
max;b � /L

: (18)

As mentioned, the minimum separation distance �s can be calculated
by the DLVO theory,7 which is modified for bidisperse mixtures in
relation to monodisperse systems.
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First, the total interaction potential, U, is given by54

UðsÞ ¼ UVDW þ UEDL; (19)

where UVDW is the attractive species and UEDL is the repulsive species
of the interaction potential.

For the van der Waals (VDW) attraction, all particle sizes use the
same effective Hamaker constant AH of silica particles in water,55 using
2.5� 10�20 J for the silica-water-silica system. Then, the attraction is
described by

UVDW ¼ �AH

6
2RLRS

�s2 þ 2RL�s þ 2RS�s
þ 2RLRS

�s2 þ 2RL�s þ 2RS�s þ 4RLRS

�

þln
�s2 þ 2RL�s þ 2RS�s

�s2 þ 2RL�s þ 2RS�s þ 4RLRS

� ��
; (20)

where R is the radius of the particles and �s is again the surface separa-
tion distance of closest approach between the particle surfaces.

For the electric double layer (EDL) interaction,54 a modified for-
mula taking into account both particle sizes can be calculated as

UEDL ¼ RLRS

RL þ RS

128pkBTNAIcLcS
j2

expð�j�sÞ; (21)

where NA is the Avogadro constant, I is the ionic strength of the elec-
trolyte (mol/m3), c is the reduced surface potential (V), and j is the
inverse Debye length (m�1). For monovalent electrolytes (like KCl),
the inverse Debye length is given by56

j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2NAIe2

e0erkBT

s
; (22)

where e0¼ 8.85� 10�12 F/m is the permittivity of free space54 and er is
the relative permittivity of the medium. In the case of ultrapure water
at 298.15K, er¼ 78.30.57 As an example, Fig. 1 shows the correspond-
ing interaction potential for 500:800 silica dispersed in 10�2 M and
10�4 M KCl. The secondary minimum can, therefore, be calculated
and is assumed to be the minimum separation distance of the bidis-
perse systems.

When the suspension is monodisperse, such as in the case
when the larger particle fraction has completely settled out and only
the smaller particles remain suspended, the viscosity model reverts
back to the monodisperse modified Quemada model.7 It is recog-
nized that the DLVO model used here becomes less accurate for par-
ticles that are smaller than 500 nm in diameter.58,59 For particles as
small as 100 nm, as an example, the calculation of separation dis-
tance is several times larger than the diameter of particles in a very
diluted salt solution (such as 10�4 M KCl). Therefore, the standard
DLVO secondary separation distance might be several times larger
than the particle size, which is not physical for a particle sediment
bed under centrifugal compression. However, it is worth noting that
the simulations mainly focused on the prediction of the settling rate
and the volume fraction change of the bulk fluid, with the overpre-
diction of the minimum separation distance only slightly influencing
the settling rate prediction. Thus, in this study, we used the calcu-
lated secondary minima separation distance of the 500:800 system in
the simulation, but for 100:500 cases, we used two times the Debye
length to replace the minima distance calculated from the DLVO
model.

2. Centrifugal force

The sedimentation model can be adapted for centrifugal force
conditions. To do this, the gravitational acceleration, g, in Eq. (6), is
replaced by the centrifugal acceleration. The centrifugal acceleration, a,
is given by

a ¼ ð2pnÞ2r; (23)

where it is noted that the base of the sample was determined to be at a
radial distance of 129.3mm from the center of rotation. Here, n is the
number of centrifuge revolutions per second and r is the radial posi-
tion in the centrifuge (with r¼ 0 at the center of rotation). To mimic
the LUMiSizer experiments, the distance, r is given by

r ¼ rmax � x: (24)

Here, rmax is the radial position (m) at the base of the sample
(129.3mm). As particles sediment toward the end of the cell, the cen-
trifugal acceleration experienced by the particles increases. It has been
reported7 that the centrifugal acceleration varies across the sample cell
within the LUMiSizer. For this study, it ranged from 975m/s2 to
1195m/s2 (estimated from the change in x between the start and end
of each experiment).

3. Numerical implementation

The numerical model was implemented in MATLAB
(MathWorks. Inc., version 2016a). A very fine spatial mesh is required
near the settling front to accurately capture the solution behavior and
prevent numerical instabilities.60 The NAG Library (mark 25) was
chosen in this study, which includes a collection of general-propose
subroutines in MATLAB. The d03pp subroutine, a finite difference-
based solver, is used that integrates a system of advection-diffusion
equations with the scope to use an adaptive spatial mesh. The numeri-
cal implementation is similar to that described in the study of
Antonopoulou et al.7 who verified the numerical stability and effi-
ciency using various numbers of spatial mesh points.

The monitor function m(x,t)7 was used to assess when the adap-
tive mesh should be refined as

mðx; tÞ ¼ Kðx; tÞ0:9; if / < 1:01/0;

/0; otherwise;

(
(25)

where K(x, t) is the smooth function curvature estimator, as given and
discretized by Sfakianakis,61 where /0 denotes the first spatial deriva-
tive of /,

Kðx; tÞ ¼ j/00j
ð1þ /02Þ32

: (26)

A maximum adjacent cell ratio of 1.1 was specified, and based on the
maximum resolution of the LUMiSizer and considering the efficiency
of simulation, 2000 spatial mesh points were determined to be suffi-
cient for simulations under centrifugal forces, based on a grid indepen-
dence verification, as presented within the SM (Fig. S1). The local
tolerance was varied with a fixed spatial mesh to understand its effect
on the solution. In this study, when the value ranged between 1� 10�3

and 1� 10�6, the results changed the solution by less than 0.1%,
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suggesting that a choice of 1� 10�4 provides an appropriate conver-
gence for the model.

III. RESULTS AND DISCUSSION
A. Earth gravity volume fraction profile

The sedimentation of bidisperse mixtures of 500 and 800nm par-
ticles (500:800) with a total initial volume fraction /0¼ 0.02, was sim-
ulated under Earth gravity conditions for a 1:1 particle ratio. No Earth
gravity simulations of the 100:500nm systems were attempted due to
the longer timescales involved. An example volume fraction profile is
displayed in Fig. 2 after a time of 11 h, while a second example after
16 h is shown within SM [Fig. S2(a)], where the differences in

interfacial position between two species make them both clearly visible.
It is noted that the individual species concentration is shown, rather
than the total concentration.

The simulated volume fractions for both species rise abruptly in
the sediment bed region (near X=Xmax ¼ 0), where Fig. S2(b) gives an
example of the concentration profiles in the near-bed zone. The overall
total volume fraction within the bed approaches the modified bidis-
perse maximum volume fraction, although it only occupies a very
small number of nodes, due to the low dispersion volume fraction. In
the supernatant zone above the upper sediment interface, the volume
fractions rapidly fall toward zero. In the suspension zones, the situation
is more complicated than for monodisperse systems. The suspension
consists of two zones: suspension 1 (containing only 500nm particles)
and suspension 2 (containing a mixture of 500:800 nm particles). In
suspension 1, the mixture viscosity was reduced to the monodisperse
Quemada viscosity model. In suspension 2, the particle size interaction
effect was captured by the full bidisperse mixture viscosity model,
which led to a small effective viscosity change (and also that the total
volume fraction in suspension 2 was double that in suspension 1 and
so hindered settling effects were greater). Therefore, the volume frac-
tions in the two suspension areas were slightly different due to the hin-
drance function changes from bidisperse to monodisperse, which also
affected the settling rate. However, the volume fractions remained con-
stant in each zone, as would be expected without high levels of polydis-
persity,62,63 and only varied when one size of particle left that zone.
There is a clear zonal interface between the small particles in the upper
region and the two mixtures.

The two mean interfaces positions (between Suspensions 2 and 1,
and between Suspension 1 and the supernatant) are also marked in
Fig. 2 and were used to validate the model against experimental sedi-
mentation fronts (see Sec. IIIC). The volume fraction values used to
define the interfaces were half the initial volume fractions of each spe-
cies (/i¼ 0.005). The faction profiles around the interfaces also show a
slight “S-shape” curve under Earth gravity, which is due to the diffusive
effect of the particles’ Brownian motion. Here, the Earth gravity force
is not enough to completely overcome diffusion and there remains a

FIG. 1. DLVO interaction potential normalized by the thermal energy for silica in 10�4 M KCl (left) and 10�2 M KCl (right), using a Hamaker constant of 2.5� 10�20 J for the
500:800 nm silica-water-silica system.

FIG. 2. Simulated concentration profile for a 500:800 nm suspension mixture in 1:1
mixing ratio with /0¼ 0.02 under Earth gravity condition after 11 h. The data are
plotted at the spatial points where the solution is calculated according to the
meshes. X/Xmax is the relative position.
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relatively wide transition region between zones. This effect is most
clear in suspension 1 near the supernatant interface (containing only
the 500nm particles) as would be expected from their smaller size.

B. Simulations under centrifugal conditions for both
particle size ratios

Examples of the simulated volume fraction profiles of
500:800 nm centrifugal bidisperse sedimentation using the modified
viscosity model are shown in Fig. 3. Three total volume fractions are
displayed (/0¼ 0.01, 0.02, and 0.03) with suspensions subject to a cen-
trifugal force consistent with a rotation rate of 1000 rpm (allowing
direct validation of the front settling rates against experimental data
from the LUMiSizer) with a spatially varying range of centrifugal accel-
eration from 121.8 g at the upper meniscus to 145.3 g at the base. A
mixing ratio of 1:2 (500:800) was chosen for the example to make the
distinction in size fractions clear. Profiles are presented at four time
periods for the 500nm species and three times for the faster settling
800nm particles, spanning most of the total settling period. Similar
results for other mixing ratios (2:1 and 1:1) are shown within the SM
in Figs. S3 and S4 for the same total volume fractions, while examples
of the consolidated bed zones are also given in the SM figures.

It is noted that the reason that /0¼ 0.03 was chosen as the high-
est total volume fraction simulated was due to the experimental limita-
tions of the LUMiSizer in measuring bidisperse systems at greater
concentrations, as discussed in a previous publication by the current
authors.44 Above this concentration, the transmitted light was totally
extinguished in either particle zone, making it impossible to detect an
interface between the faster and slower settling species. In contrast, the
proposed model would be able to simulate any concentration below
the effective maximum packing fraction.

It is observed that, unlike under Earth gravity conditions, there is
a small but distinct suspension concentration decrease with time for
both particle species (which is most notable for the larger 800nm par-
ticles). In Fig. 3(a), for the large particles, the concentration decreased

by �13.2% (from 0.0067 to 0.0058 in 360 s), while for the smaller
500 nm species particles, the decrease was �12.9% (from 0.00333 to
0.0029 in 960 s). These decreases are similar to previous simulations of
centrifugal sedimentation of 500 nm monodisperse particles.7 Due to
the radially varying acceleration in the setup, particles in suspension
closer to the sediment bed have a higher sedimentation velocity than
those above. As a result, they are evacuated into the sediment bed at a
faster rate than they are replaced from above, which results in a
decreasing volume fraction across the suspension. As the height of the
sediment bed increases in time, the centrifugal acceleration at the top
of the bed is slightly reduced with time, and so the rate of decrease in
the volume fraction also declines. Oshima et al.35 in both simulations
and calibrated experiments reported similar decreases in concentration
for monodisperse and bidisperse colloidal particles under centrifugal
acceleration. They also evidenced increased diffusion between interfa-
ces in centrifugal cases, due to the use of an effective axial dispersion
coefficient (although the particle sizes were much smaller than those
used here).

The relative increase in gravitational acceleration over time also
results in an acceleration of the separation velocity, which can be seen
from Fig. 3(a) by the spatial distance between each profile front
increasing in time (again considered at a relative concentration of each
species of 0.5 � /0i). The arrows in Fig. 3(a) illustrate the distances
between profiles, which are seen to increase over time under centrifu-
gal acceleration. It is also noted that the centrifugal acceleration mini-
mizes secondary particle movement due to Brownian motion (since
the overall time is much shorter than for Earth gravity) resulting in an
almost completely vertical concentration change at the suspension
interfaces (and so there is no characteristic “S-type” curve as for Earth
gravity). Concentration profiles from the bed zones [SM, Figs. S3 and
S4(d)–S4(f)] are similar to the Earth gravity case, with a very distinct
and rapid rise toward the maximum packing fraction. There is more
evidence of segregation under centrifugation, as would be expected,
with a mixed zone containing both species and an upper zone

FIG. 3. Simulated concentration profiles of 500 and 800 nm particles under 1000 rpm over time, at a mixing ratio of 1:2, and total initial volume fractions of (a) /0¼ 0.01, (b)
/0¼ 0.02, and (c) /0¼ 0.03. Profiles shown are for the 500 nm fraction at times of 0 s (black line), 240 s (red line), 480 s (gold line), 720 s (green line), 960 s (blue line), and
for the 800 nm fraction at times of 0 s (black dashed line), 120 s (red dashed line), 240 s (gold dashed line), and 360 s (green dashed line) for all concentrations.
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containing only 500 nm particles. There was also some instability in
the simulation for the bed fractions in some cases, again as the beds
themselves only occupy the first few nodes.

An attempt was made to establish whether the reduction in parti-
cle concentrations in the near-bed region could be verified experimen-
tally. Given in Fig. 4 is an example of an attenuation profile
measurement (for the lower 0.3 relative height) from the LUMiReader
X-Ray for a 1:1 system of 500:800 nm particles (total concentration,
/0¼ 0.03). The full profile is given within the SM (Fig. S5). Here, sam-
ples were initially accelerated using the analytical centrifuge for set
time periods. The profile changes are complicated by the fact that, over
time, a drop in attenuation occurs as the particle phases separate, as
well as a larger drop at the upper supernatant boundary. However, a
focus on the near-bed region does show a consistent reduction in
attenuation over time (see Fig. 4). There is a more considerable drop
between 400 and 550 s, where the larger particles are completely sedi-
mented, but beyond this point, the attenuation continues to reduce,
even though the 500nm particles are fully suspended in the lower
8mm section throughout the whole measurement time. Therefore,
qualitatively, the centrifugal disruption to concentration correlates well
experimentally. Further study is required to enable conversion of
attenuation measurements to volume fractions directly via linear cali-
bration measurements.64,65 Due to the low total volume fractions used,
accurate calibration was difficult to achieve in the present system with
low noise, and future work will assess the particle depletion effect in
more concentrated systems.

Mixtures of 100 and 500nm particles (100:500) were also simu-
lated, as shown in Fig. 5, for a particle volume ratio of 2:1 and a total
volume fraction, /0, of 0.03, under centrifugation at 4000 rpm. Similar
data for mixing ratios of 1:1 are presented within the SM (Fig. S6).
Previous experimental studies of the same systems indicated that high
centrifugal speeds of>3000 rpm are required to gain representative
data with low noise levels, due to the additional Brownian motion of

the smaller 100 nm particles.44 One of the resulting limitations of such
high centrifuge speeds is the large disparity in timescale of the two spe-
cies, due to the greater size ratio. Indeed, here the larger 500nm par-
ticles in suspension settled within just 77 s, while the smaller 100nm
particles settled in a similar time to the smaller particles in the 500:800
simulations (approximately 1000 s).

Concentration decreases of both species over time are also
observed in Fig. 5, in a similar trend to the 500:800nm case. For the
small (100nm) particles, the concentration decreased by �10.9% (in
960 s), while the larger (500nm) particle concentration decreased
�12.7% (in 60 s). Again, the reduced concentrations also correlated
with an increase in the sedimentation rate over time (with distance dif-
ferences for each time step again shown within the arrow). Additionally,
the influence of particle Brownian motion on diffusion at zonal interfa-
ces was minimal. It is noted that the calculated Peclet number for the
100nm particles under 4000 rpm is 0.164, which means that Brownian
motion is important to be captured in simulation for these smaller par-
ticles, although the centrifugal force still dominates.

C. Front height vs time validation

In Fig. 6, experimental and model interface height profiles under
Earth gravity are compared for a 500:800nm suspension of initial total
volume fraction /0¼ 0.02, and a mixing ratio of 1:1. The experimental
data were collected from the Turbiscan using a backscatter sensor. The
model data were obtained in the corresponding conditions under the
same Earth gravity. Here, the “lower” interface represents the distinction
between the lower zone containing a mixture of 500 and 800nm particles
and the zone containing only 500nm particles. The “upper” interface is
the distinction between the 500nm suspension and the particle-free
supernatant. While each particle size can be tracked independently in the
simulation, it is assumed experimentally that the lower observable inter-
face approximates the sedimentation rate of the larger 800nm particles.

Comparisons between the experimental and simulation data sets
are very close, inferring that experimentally the technique can track

FIG. 4. X-ray sedimentation data, presenting the total attenuation vs normalized
sample height (lower 0.3 fraction) for a 500:800 nm suspension at a mixing ratio 1:1
and a total volume fraction, /0, of 0.03.

FIG. 5. Simulated concentration profiles of 100 nm (small) and 500 nm (large) par-
ticles under 4000 rpm, at a mixing ratio of 2:1 (100:500) and a total initial volume
fraction, /0, of 0.03.
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both particle species accurately, and most importantly, the underlying
physics are correctly captured in the model. However, there are some
small deviations in the height vs time profiles. The settling velocity
deviation percentage between experiment and the model was averaged,
showing 4% for the smaller (500 nm) species and 12.4% for larger
(800nm) species, with an overprediction in the separation rate by the
model in both cases. There is a greater difference at the initial period
between two data which may be caused by the particle adsorption at
the liquid–gas meniscus. The fact that the simulation overpredicts the
settling rates is interesting, as it indicates that the mixture viscosity
model may be underrepresenting hindered settling effects, to some
degree.

Nonetheless, some of the deviations found with the larger species
may be due to experimental uncertainty and limitation. At the early
time periods, it was found that the experimental data did not extrapolate
linearly from a zero-bed height for the 800nm front (which can be
observed in Fig. 6) although the total settling times of the larger particles

were very similar between the experiments and simulation. This small
deviation implies that there may have been some potential error or
uncertainty in the experimental measurements. In fact, while the lower
interface was able to be measured from a difference in the backscatter
signal, it was not always evident which was the most appropriate
strength value to use as the interface (owing to the diffuse nature of the
interface). Other effects, such as secondary flows formed by sample mix-
ing on preparation, may have also affected separation at early time peri-
ods. Additionally, the small deviation may have been caused by setup
differences in the simulation. The height of the cell in the simulation
was smaller than that of the experimental height, due to the computa-
tional cost (with a 2 cm total height being used for the simulation,
against the experimental sample cell of 4 cm). Despite these differences,
the correlation is close enough to give high confidence in the model,
allowing front height validation to be extended to the centrifugal cases.

Figure 7 presents the comparison of experimental and simulated
front height vs time data for the 500:800 bidisperse suspensions, at a
mixing ratio of 1:2, under a 1000 rpm at three total volume fractions
(/0¼ 0.01–0.03). Comparison data for mixing ratios of 2:1 and 1:1, for
the same three volume fractions, are given within the SM (Figs. S7 and
S8). There was a slight difference in the suspension height between the
experiments and simulations, due to different initializations for the
convenience of the numerical mesh (experimentally, total effective
heights were about 21mm, while they were 20mm in the simulations).
Here, the normalized height is displayed, as calculated from the ratio
of interface position to the total cell height. Thus, simulation results
can be directly compared with the experimental data.

Generally, the simulation results match well with the experi-
ments, although there were again deviations, with the model overpre-
dicting both interfaces (and so consistent with the gravitational results
for the same system). Interestingly in this case, unlike in the gravita-
tional system, the differences between the simulation and experimental
data were similar for both larger and smaller particle interfaces, averag-
ing at �8%–12% overprediction in all cases, with no clear effect of
concentration evident in the differences. It is noted that the experi-
mental data for the lower (800 nm) interface were difficult to resolve
experimentally for the highest volume fraction case, with a high degree
of uncertainty, due to the difficulty measuring the lower and upper
zones in the cases of low transmission. This problem also led to diffi-
culties determining the lower interface near the base of the same in the
other cases. Indeed, for the 1:1 and 2:1 particle mixtures with a larger
proportion of smaller particles in the upper zone, it was not possible to

FIG. 6. Normalized comparison between simulated and experimental height vs time
profiles of 500:800 nm mixtures under Earth gravity, at a mixing ratio of 1:1 and a
total volume fraction, /0, of 0.02. Shown are both the “upper” interface (represent-
ing the 500 nm fraction) and the “lower” interface (representing the 800 nm fraction).

FIG. 7. Comparison between simulated and experimental interface height vs time profiles of 500:800 nm mixtures under 1000 rpm and a mixing ratio of 1:2, where (a)
/0¼ 0.01, (b) /0¼ 0.02, and (c) /0¼ 0.03. Again, the “upper” interface and “lower” interfaces represent the 500 and 800 nm fractions, respectively.
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extract lower interface data experimentally at all for the higher concen-
trations (see SM, Figs. S7 and S8).

Despite these limitations, the centrifugal data do suggest a similar
level of accuracy for the monodisperse and bidisperse mixture viscosity
models, and additional differences evident in the gravitational case for
the larger particle interface may, therefore, be related more to experi-
mental uncertainty. Also, if one considers the relative error of the
upper interface, it appears the effect of centrifugation may accentuate
any limitations of the model in accurately describing the underlying
physics (with an error increasing from �4% to �10% on average).
Essentially, it appears the experimental data display a slightly higher
level of hindrance to settling than the mixture viscosity model predicts.

The reason for the discrepancy between Earth gravity and centrif-
ugal conditions may be from a number of sources. It may be that the
minimum interparticle distance from the electric double layer is in fact
greater than the calculated value (leading to a lower maximum effec-
tive volume fraction and increased relative hindrance effects).
Alternatively, it may be due to the influence of dynamic effects that are
not currently incorporated into the model. For example, the faster par-
ticles mean the velocities in the surrounding fluid are higher, which
leads to more secondary flows. Under centrifugal conditions, the low
Rep assumption for the Stokes settling velocity may not be strictly
valid. In particular, previous studies on bidisperse colloidal sedimenta-
tion have observed effects such as dispersion anisotropy caused by par-
ticle wakes, or backflows, that enhance drag from the larger particle
fraction as it settles through the smaller particle zone.66–68 Numerical
simulations69 illustrate the complex nature by which spheres may be
affected from the motion of fluid that they disturb, or twinning effects,
such as smaller particles being pulled by larger particle wakes. While
most studies would suggest these begin to occur in monodisperse sys-
tems for Rep > 1 (which is greater than for any of the particles simu-
lated), we believe that dispersion anisotropy effects are more
pronounced in bidisperse cases, where one particle phase settles
through another.44 The fact that the comparisons were much closer
under Earth gravity (with considerably smaller Rep) would also infer
secondary hydrodynamic effects may be the cause of the deviation. It
does also appear that the mixture fraction influences the inconsisten-
cies as well, where the differences between the experimental and simu-
lated upper interfaces are larger with an increasing proportion of
smaller particles that the larger phase settles through (e.g., when one
observes Fig. 7 in comparison with Figs. S7 and S8).

An example comparison of experimental data and simulation
results for the 100:500nm dispersion is shown in Fig. 8, for a mixing
ratio of 2:1 and a total volume fraction, /0, of 0.03. Data for a mixture
ratio of 1:1 at total volume fractions of 0.01–0.03 are also presented
within the SM (Fig. S9). It is obvious that the 500nm particles settle
much faster than in the 500:800 case, due to the larger centrifugal speed
of 4000 rpm. This higher centrifugation, as well as the greater size ratio,
meant that there was quite a restricted time where both particle fractions
were present in the suspension together, which potentially reduced the
overall influence of bidisperse interactions. Additionally, there was a lack
of resolution in the upper 100nm interface for some systems, where
there was evidence of adhesion to the meniscus (as it is known that
attractive forces may potentially adhere particles to the cell walls70).
Collectively, this led to some small jumps in the interface data for the
upper 100nm interface [e.g., Fig S9(a)]. However, for most systems,
meaningful interface velocities could still be extracted.

As an addition, there were two stages of sedimentation consid-
ered separately for the 100:500 cases, because of the much larger size
ratio. First, both species exist in the suspension for a small time period;
second, only the 100nm species are left after the fast sedimentation of
500 nm particles is complete. For the 100 nm particles, this two-step
process meant that two separate sedimentation velocities were able to
be measured both experimentally and from the simulation, equating to
those before and after the 500 nm particles settled using linear fitting,
as shown in Table II.

Comparing the simulations and experiments, the calculated devi-
ation from the averaged linear settling rate for the larger 500 nm par-
ticles was only 0.37%, while for the smaller 100nm particles settling
together with the 500 nm fraction the deviation was a larger 24.9%
reducing to 10.5% for the section where the 100 nm species settled
alone. However, it must be noted that experimentally this equated to
only the first few data points, and so there is likely to be a relatively
large degree of uncertainty associated with the experimental data for
the initial mixed period. Interestingly, the simulated velocity of the
100 nm particles increased after the 500nm particles settled, which
was the same as the experimental data but to a lesser degree (see Table
II). In the simulation, the velocity change is caused by the effective vis-
cosity decreasing due to the lack of the 500 nm species, as well as the
increase in the centrifugal force as the settling front progresses. It may

FIG. 8. Comparison between simulated and experimental interface front height vs
time profiles of 100:500 nm mixtures under 4000 rpm and a mixing ratio of 2:1 and
a total volume fraction, /0, of 0.03. Here, the “lower” and “upper” interfaces repre-
sent the 500 and 100 nm fractions, respectively.

TABLE II. Comparison between experimental (“exp”) and simulated (“sim”) settling
velocities of two species in a 100:500 nm system and mixing ratio of 2:1 (/0¼ 0.03).
The subscript “1” refers to case where both species present and “2” refers to where
there are only 100 nm within the dispersions.

Species u1, exp (lm/s) u1, sim (lm/s) u2, exp (lm/s) u2, sim (lm/s)

100 nm 10.68 13.33 15.87 14.20
500 nm 267.65 268.64 N/A N/A
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be that the deviations between velocities for the 100nm particles are
because the double layer is under-represented for these small particles,
and so the effective volume fraction may be slightly larger.
Interestingly, the simulation also does not overpredict the settling rate
of the smaller species, as in the case of the 500:800 nm system. This
result may further suggest that additional hydrodynamic interactions
between the species in the 500:800 nm mixtures may be the reason for
enhanced hindered settling, as the greater size ratio for the 100:500nm
systems means that the species only interact together for a very small
period.

D. Effect of mixture ratio and comparison
to the empirical Richardson–Zaki model

The average bidisperse settling velocities for the 500:800 nm mix-
tures from the simulations are plotted in Fig. 9 for three initial volume
fractions ranging from 0.01 to 0.03 and three mixing ratios (1:2, 1:1,
and 2:1). The data are compared to a number of experimental mea-
surements over a similar concentration region and are also plotted
against Richardson–Zaki (R–Z) predictions,5 using an exponent of
n¼ 5.1.

There are two key trends that are evident from this comparison.
First, both the smaller and larger particles compare well with the R–Z
prediction in almost all systems, apart from the larger species at the
highest 0.03 total volume fraction simulated. This slight deviation may
suggest that the R–Z settling exponent may be a slightly lower value
for the larger particles (which could be expected, given that the 800 nm
species are toward the upper limit for colloidal systems, where the dou-
ble layer is not significant). Also, both the simulations and the R–Z
predictions deviate from the experimental data to varying degrees,
depending on the mixture ratio. Here, the predictions for the larger
size fraction compared to the experimental data are weakest for the 2:1
mixture ratio (with the highest proportion of smaller particles), while
they are weakest for the smaller species with the greatest proportion of
larger particles. As evident in the height vs time predictions, the R-Z
prediction is consistent with the simulations in overpredicting the set-
tling rates in both cases. Therefore, these results would agree with the
hypothesis that additional hydrodynamic effects are present as the
larger particle fraction settles through the smaller particles, where nei-
ther the mixture viscosity model in the simulations nor the empirical
R–Z model takes these secondary effects into explicit consideration. It

is stressed, however, that the deviations to the experimental data are
minor (<10% in all cases) and it would be extremely computationally
intensive to try to incorporate hydrodynamic mixing within the simula-
tion, as the tracking of individual particles is probably required.
However, the current work is assessing whether the bidisperse mixture
viscosity model may be improved to implicitly improve the correlations.

The averaged bidisperse settling velocities of the 100:500 case
from the simulations are plotted in Fig. 10, again in comparison with
the R–Z model and experimental data. Here, only a mixing ratio of 1:1
was used, due to the much greater computational time required to sim-
ulate these systems of smaller nanoparticles. In this case, as shown
from the single interface vs time plot (Fig. 6), the comparison between
the simulations and experimental data is generally closer than for the
500:800 systems. It is also clear that the prediction is again very closely
aligned to the empirical R–Z prediction. It is assumed that the better
performance of the simulation in the 100:500 nm cases is due to the

FIG. 9. Simulated (“Sim”) average bidisperse separation velocities for different initial volume fractions of 500:800 nm mixtures under 1000 rpm, in comparison with experimental
data (“Exp”) and the Richardson–Zaki (“R–Z”) model prediction. For (a), the mixing ratio is 1:2, (b) 1:1, and (c) 2:1.

FIG. 10. Simulated (“Sim”) bidisperse separation velocities for different initial vol-
ume fractions of 100:500 nm mixtures, in comparison with experimental data (“Exp”)
and the Richardson–Zaki (“R–Z”) model prediction. Given is a single concentration
mixing ratio of 1:1.
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large size ratio, where each particle fraction is not in contact for a long
period of time (as discussed). Hence, the average velocities from the
slower 100 nm particle phase are largely taken from a monodisperse
suspension. For the larger 500nm phase, there is also no clear reduc-
tion in the experimental settling rate, within error, that would infer
additional hydrodynamic effects. It may be such effects could become
more prevalent at other mixture ratios, but it is likely the larger size
ratio itself, and the small contact time under high centrifuge reduces
secondary interactions.

IV. CONCLUSIONS

In this study, a 1-D advection-diffusion sedimentation model for
bidisperse colloidal suspensions was proposed, which uses a bidisperse
mixture viscosity model to consider the effect of hindered settling and
particle interactions. The model also modified the hard sphere
assumption to account for colloidal interactions by using an effective
maximum volume fraction, which was computed based on the DLVO
theory. Simulations were validated using the experimental data and the
empirical Richardson–Zaki model, using two different size ratios (of
500:800 nm and 100:500 nm particles) at different mixing ratios and
total concentrations. Results highlighted that interparticle interaction
is an important aspect in determining the sedimentation velocities of
colloidal suspensions, especially for bidisperse systems. The inclusion
of a minimum interparticle distance is a significant addition to sedi-
mentation models and will be especially applicable at high volume
fractions. The use of a 1-D advection-diffusion model allowed the
important physics of particle separation to be captured, without
requiring a full computational fluid dynamics approach. Also, the
adaptive spatial mesh was shown to be numerically stable while giving
sufficient resolution around zonal interfaces to simulate the influence
of diffusion on concentration.

The proposed model was validated under both Earth gravity and
various centrifugal force conditions. It was found that the predicted
volume fraction of both species reduced in time under centrifugation
(due to the increase in force at the bottom of the simulated dispersion
cell), whereas they remained almost constant at Earth gravity, as con-
centrations were not great enough to force physical interaction
between the size classes. The bidisperse simulation was also used to
track the suspension interfaces of each size fraction and, therefore,
gain an average estimated settling rate. For the 500:800 nm mixture
cases, deviations in average settling rates between simulations and
experimental data were <10% in all cases. However, there was a clear
trend of the simulations slightly overpredicting settling rates of the par-
ticle phase with the lowest mixture fraction. These results suggested
that hindrance effects in bidisperse systems are higher than in the mix-
ture viscosity model prediction, which may be due to secondary hydro-
dynamic factors that are not explicitly accounted for. Settling rate
validation for the 100:500 nm cases was generally closer than for the
500:800 cases, as the centrifugal force was larger, resulting in the inter-
action time between the species being smaller and reducing secondary
hydrodynamic interactions. The proposed model could also be
extended to a true polydisperse system, with appropriate modification
to the viscosity to consider the interactions of one species with all
others. Importantly, due to the importance of defining the effective
maximum volume fraction of multiple species, simulations of particle
packing may offer the best route toward polydisperse extension.
Therefore, the model may be used to predict concentration changes

and settling rates of many systems undergoing centrifugal sedimenta-
tion and separation.

SUPPLEMENTARY MATERIAL

See the supplementary material for example calculation of maxi-
mum volume fraction and relative viscosity [Eqs. (S1–S4)]; indepen-
dence grid verification (Fig. S1); example of Earth gravity sedimentation
at 16h, including near-bed zone (Fig. S2); simulated bidisperse concen-
tration profiles of 500:800nm mixtures under a 1000 rpm centrifuge
and a mixing ratio of 1:1 (Fig. S3) and 2:1 (Fig. S4), both for three total
volume fractions, including near-bed zones; normalized x-ray sedimen-
tation profile for a 500:800nmmixture, a mixing ratio of 1:1, and a total
volume fraction of 0.03, at five time periods (Fig. S5); simulated concen-
tration profiles of 100:500nm mixtures under a 4000 rpm centrifuge
and mixing ratio of 1:1 and three total volume fractions (Fig. S6); height
vs time profiles for 500:800nm mixtures at three total volume fractions,
and volume ratios of 1:1 (Fig. S7) and 2:1 (Fig. S8); And height vs time
profiles for 100:500nm mixtures at three total volume fractions and a
volume ratio of 1:1 (Fig. S9).
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